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ABSTRACT: Brownian dynamics simulations can be made more efficient by incorporating the idea of
importance sampling. By introducing and compensating a bias in favor of those configurations which mainly
contribute to the average of a given quantity of interest, one can considerably reduce the variance of the
stochastic simulation results. This idea can be applied to general stochastic differential equations of motion
and is hence not restricted to Brownian dynamics simulations. The construction of variance reduced simulations
requires an approximate understanding of the dynamics described by the underlying stochastic differential
equation. The basic procedure is first developed in general and then illustrated for the example of a Hookean
dumbbell solution in start up of steady shear flow. Particular emphasis is put on the development of a clearly
structured formulation of the procedure which immediately allows for variance reduced simulations of nonlinear
models. Possible applications in polymer kinetic theory and in the flow calculation of viscoelastic liquids
are discussed.

I. Introduction

Brownian dynamics simulations of bead-spring models
constitute a very powerful tool for understanding the
dynamics of polymers in dilute solutions, both at equi-
librium and in solutions undergoing flow.12 Such simula-
tions are based on the numerical integration of the
equations of motion for the beads of a single chainmolecule,
where the presence of Brownian or random forces implies
that the equations of motion are stochastic differential
equations. Brownian dynamics simulations provide a
straightforward and rigorous method for investigating
nonlinear effects such as hydrodynamic interaction,
excluded volume, or finite polymer extensibility.

The idea of Brownian dynamics is not limited to dilute
solutions. Inorder torealize this, one should note that all
kinetic theory models for the dynamics of polymers in
solutions and melts are formulated in terms of diffusion
equations for a suitable configurational distribution func-
tion.3 Such diffusion equations, which are often referred
to as Fokker-Planck equations, are equivalent to stochastic
differential equations of motion.245 More precisely, this
equivalence can be formulated as follows: The polymer
configurations are described by the variables occurring in
the list of arguments of the configurational distribution
function (except for time). The average of any function
of the configurational variables can either be evaluated as
an integral, weighted with the probability distribution
obtained by solving the diffusion equation, or as an
ensemble average for an ensemble of trajectories con-
structed from the stochastic differential equation (in this
paper, we are interested only in averages and not in the
individual trajectories). These averages are identical,
including their time dependencies, even if the configura-
tions at several different times are involved. This idea
has been used, for example, to generalize the idea of
Brownian dynamics simulations by writing down the
stochastic differential equations of motion for reptation
models.! Numerical integration of such stochastic dif-
ferential equations leads to stochastic simulation tech-
niques for the underlying models. For reptation models,
the simulation algorithm is so simple that even complicated
problems, such asrecoil phenomena, can be treated without
much effort.”8
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Simulation techniques are not only a very powerful tool
for investigating kinetic theory models for various kinds
of systems. Simulations of polymer dynamics have gained
additional importance because they can be combined with
the finite element method in order to calculate complex
flows of polymeric liquids. The CONNFFESSIT idea
(calculation of non-Newtonian flow: finite elements &
stochastic simulation technique) makes it possible to
calculate flows without using a constitutive equation—like
in real liquids, the stresses are obtained directly from the
configurations of a large number of polymer molecules in
the system.? The momentum balance equation is solved
together with the stochastic differential equations of
motion for the molecules rather than together with a
constitutive equation. Since complex flow calculations
require the simulation of very large ensembles of polymer
chains, the development of efficient simulation techniques
is crucial for the successful implementation of the CON-
NFFESSIT idea.

The purpose of this paper is to describe and illustrate
the idea behind variance reduced stochastic simulation
techniques. Areduced variance implies that the simulation
of a smaller ensemble is sufficient for reaching a given
tolerance for the statistical error so that the simulations
become more efficient. While the standard numerical
integration schemes for stochastic differential equations—
which we briefly review in the next section—are universal
brute force methods, variance reduction requires deeper
insight into the physical problem. An approximate
description of the dynamics is required in order to construct
a transformation of the stochastic differential equation
which leads to rigorous results for the averages of interest
and, moreover, to smaller statistical error bars. We develop
a method of variance reduction based on the idea of
importance sampling, and we then illustrate the ideas for
the Hookean dumbbell model of dilute polymer solutions.
A brief summary and outlook conclude the paper.

II. Stochastic Simulation Technique

The equations for the polymer dynamics in kinetic
theory are usually diffusion equations (or Fokker—Planck
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equations) for the configurational distribution function.
These equations are of the general form

9 =_9. 19 9,

(1)
where ¢ and A(t,q) are d-dimensional column vectors
representing the configuration vector and drift term,
respectively, and D(t,q) is a positive semidefinite, sym-
metric d X d matrix representing the diffusion term. If we
decompose D into the form D = B-BT, where Bisa d X
d’ matrix, then the above Fokker-Planck equation is
equivalent to the stochastic differential equation?45

dQ(t) = At,Q(t)) dt + B(¢,Q(1))-d W(t) (2)

where the stochastic process W(t) is a d’-dimensional
Wiener process. For clarity, we here use different symbols
for the time-dependent d-dimensional random variable
Q(t) and the corresponding dummy variable g in the
probability density at time . Rather than giving rigorous
definitions of the Wiener process and of the solution of
the stochastic differential equation (2), which is a Markov
process, we describe the discrete Euler approximation.
We consider the time interval [0, tmq] and introduce a
partition 0 = tg <ty..<tp1 <tp=tmax Foragiven initial
condition, we construct the approximations @;to @(t;) by
means of the iteration scheme

Q.1 = @+ A, Q)AL + B(t,@)-Wi(At)'?  (3)

where At; = tj+; ~ t; and all the d’-dimensional column
vectors W; have independent Gaussian components with
mean 0 and variance 1, that is,

(‘VJ) =0 (W'}Wk) = 6jk1 4

The Kronecker delta, 3z, implies that the Gaussian random
vectors for different time steps are independent. The
pointed brackets (...) without subscript always denote
expectations (or averages) over the underlying probability
space.?

For a given initial condition @, which is assumed to be
stochastically independent from the Gaussian random
variables Wj, the approximation scheme (3) can readily
be used for constructing random trajectories on a computer.
It is very important to note that the function B in the
diffusion term is evaluated with the configuration at time
tj. This choice is dictated by the assumed form of (1) and
is known as the It6 approach. An important advantage
of the It6 approach to stochastic differential equations is
that the resulting equations are ideally suited for computer
simulations. The price to pay is that the rules for
transforming stochastic differential equations (the rules
of It6 calculus) deviate from those of familiar deterministic
calculus.245

For a givenrealization g;of @;, @;+1is a Gaussianrandom
variable with average g; + A(t;,qj) At; and covariance
matrix D(t;,q;)At;, that is

(@ = qj+1'Qj =q)= [(ZWAtj)d det(D(tf’qj))]_l/z X
exp{_ 2_1—5[‘1141 -q;- A(tj’qj)Atj]'Dl(tf’qf)'

(g1~ 4 A(tj,qj)Atjl} )

Equation 3, which leads to the transition probabilities
(5), constitutes the simplest integration scheme for
stochastic differential equations. It can be shown that
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the discretization error for any average is linear in the
maximum time step width. A comprehensive discussion
of more sophisticated integration schemes can be found
in ref 10.

III. Variance Reduction

The approach to variance reduction developed here was
inspired by section 16.3 of ref 10. We generalize the ideas
and the formulation so that they become directly applicable
to a wide class of stochastic differential equations.
Apparently, the variance reduction technique described
in this paper has not previously been used in studying
polymer dynamics. We believe that the idea of improving
the efficiency of simulations by means of approximate
solutions is so appealing, and the perspectives of the
approach are so promising, that this approach should be
systematically explored in polymer kinetic theory. We
here want to describe the way to a successful application
of variance reduced simulations based on stochastic
differential equations.

A. Importance Sampling. In the usual approach, a
direct simulation of a kinetic theory model defined in terms
of a diffusion equation of the form (1) is based on the
numerical integration scheme (3). We wish to develop a
more efficient simulation technique. The variance reduc-
tion method pursued in the following is based on the same
fundamental idea as Monte—Carlo integration schemes,
namely importance sampling. We first explain the
background of Monte-Carlo integration by considering
the mean-square extension of Hookean dumbbells at
equilibrium. We then develop the general ideas and
formulas which eventually are made more and more
explicit.

For a Hookean dumbbell at equilibrium, the Boltzmann
distribution is

peq(q) = (27rkBT/H)‘3/2 exp{_ % % (6)

where ¢ is a a three-dimensional column vector represent-
ing the connector or configuration vector of the dumbbell,
H is the Hookean spring constant, kg is Boltzmann’s
constant, and T is the absolute temperature. In order to
avoid unnecessarily lengthy equations, all distances are
measured in units of (kgT/H)!/2, This corresponds to
setting kgT/H = 1; the appropriate factors can be
reintroduced by means of dimensional analysis, and we
do that whenever it is convenient. By evaluating the
required Gaussian integral we obtain

(@)= [ @Dl dg =3 ™

where, as before, we have used the symbol @ for a random
variable and q for the dummy variable associated with @.

Wenow discuss various possible approaches to obtaining
(@?)eq by simulation. In a first approach, we simulate N
column vectors g which are distributed according to the
three-dimensional distribution p.q(q) (that is, we simulate
three independent standard Gaussian random variables).
Since, according to Wick’s theorem for decomposing higher
moments of a Gaussian distribution (see (2.8.4) of ref 4 or
(6.11) of ref 5), the variance of the corresponding random
variable €2 is 8, = 2(@@)eq:{ @Q)eq = 6, the statistical
error bar for the simulation is (8;/N1)!/2.
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In a second approach, we exploit the observation that
Deq(@) depends only on the length of ¢ which leads to

(@)= @m 2 gt exp’- %qzj dg=3  ®

We then need to simulate only one standard Gaussian
random variable @ so that we save a factor of 3 in computer
time per realization. However, again according to Wick’s
theorem, the variance is now 03 = 96, so that we need 16
times as many realizations as in the first simulation in
order to obtain the same statstical error bars. We have
clearly moved in the wrong direction by trying to cut down
computer time by a factor of 3.

Why does the second simulation lead to such large
statistical errors? The answer to this question lies in the
following observation. The Gaussian distribution is
peaked around 0. The majority of the generated con-
figurations @ is hence around 0, and such configurations
make only a very small contribution to the ensemble
average of @4. Therare configurations with large |Q| make
a very large contribution to that average, and this is the
source of the large statistical error bars. It would be much
better to preferably generate those configurations which
contribute most to the integral, and to suitably estimate
the required integral from those biased configurations.
This is the idea of importance sampling in Monte-Carlo
integration, and this is the key to the variance reduced
simulations developed below. For the simulation based
on the column vector @ rather than the scalar quantity
Q, configurations which contribute most to the integral
are generated more frequently (even though the factor @2
is still unfavorable).

In a final third approach, we try a simulation which is
even better adapted to the integral in (8) by rewriting the
integral as

@m/? f ¢t expi_ %qz} dg = f 2 ($)Preg(®) dx (9)

with a correction factor

) = @n M expl-Gpat0  (10)

If we simulate realizations of a random variable X with
a distribution given by pr.a(x), the ensemble average of
X4 (X) yields the desired integral ( @?)eq. The optimal
adaptation to the integral is obtained for the probability
density

Prea(®) = %(270'” 2% expl- %le (11)

Then, the simulation result for X4f.(X) is equal to 3,
independent of the realization, and the variance O3 is
reduced to zero. Notice that the exact result is contained
in the normalization factor of pq(x). Even if, in general,
the optimal density preq(x) cannot be constructed, the
above discussion shows how the simulation should be
adapted to the quantity of interest, and how the resulting
bias can be removed by means of the correction factor f..

Guided by the ideas of our example of Hookean
dumbbells at equilibrium, we can now develop the basic
procedure for the construction of a variance reduced
simulation for the stochastic differential equation (2). We
first describe the general construction and we emphasize
which conditional probability densities are required (in
general, only approximate expressions are available). We
then discuss the role of the approximations in variance
reduced simulations.
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Assume that the distribution of the initial d-dimensional
random variable Q(to) at times to is continuous with
probability density pi(g). We wish to evaluate the average
of a nonnegative function h(@(tmax)), Where @(tmax) is
obtained from the solution of the stochastic difference
equation (2). For an optimal importance sampling we
would like to simulate configurations with a probability
density prea(@) proportional to

h(@)p(@)

where pf(q) denotes the probability density for the
distribution of the random variable @(tmsy),

P'@ = [p(@tny) = dQy) = ap'(ay dgy (12)

Since the exact transition probability density for the
solution of the underlying stochastic differential equation
required in (12) is in general unknown, we need an
approximation Papp(@(tmex) = @1@(to) = Qo) as the first
basic input for variance reduced simulations, and we
define

Phop(@ + [ Dupp(@(tn) = AQ(ty) = ap)P'(ay) dg, (13)

According to our previous considerations, we can introduce
a correction factor

f(Q) f(II) <h(Q(tmnx))>app
Prea(@) pipp<q) h@)

fla@ = (14)

where (h(@(tmas)) )app i8 the approximate expression for
the expectation of h(@(tmas)),

(P(Q(t ) app + | H@PLp(@) 4%

Even if we have an approximate expression pipp(q) and
we can simulate vectors according to that distribution, we
still need to know the exact distribution pf(q) of @(tmax)
in order to evaluate the correction factor f.(q@). This
problem is addressed in the next subsection.

B. Construction of Constrained Trajectories. We
next want to estimate the exact probability density pf(q)
appearing in the correction factor (14). The basic idea is
to construct the required transition probability density in
(12) from a sequence of transition probability densities at
small time steps, as givenin (5). We hence selecta partition
to <ty . <tpi <tp = tmex Of the time range’ T = (to, tmax],
and we descnbe the construction of a variance reduced
simulation which consists of the random variables @, @,

. @, (we use different symboles @, and Q; to clearly
dlstlngulsh the variance reduced and direct simulation
results for the exact solution @(t;)). The construction of
a trajectory proceeds in three steps:

1. Select a realization g, of the final configuration @,
according toa continuous distribution for which the density
is proportional to h(q)p p(@)-

2. Then, selectareahza 1on goof the initial configuration
@, according to a continuous distribution with density
Pepp(Q(to) = qo|l@(t:) = @) where the function

Papp( Q(ty) = @l@(t,) = q,) =

Papp(Q(,) = p'@

Piop(ay)

qnl Q(to) =q)—

is defined in terms of previously introduced probability
densities.
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3. Finally, forj =0, 1, ..., n - 2, select realizations gj+;
of the intermediate configurations @;+; according to the
continuous distributions with densities

papp(Q(t]’+1) = qu(tj) = qj7 Q(tn) = qn)

Note that the last step of this construction requires
approximate conditional probability densities papp( @(tj+1)
= ¢|Q(t)) = gj, Q(t,) = @) as the second basic input for
variance reduced simulations. A very general idea for
choosing these conditional probability densities in such a
way that Qj+; can be constructed very efficiently is
suggested in the example of Hookean dumbbells in the
subsequent section. Actually, the idea is to consider the
random variable @ as the primary input rather than its
probability density.

The reader should realize that the approximate prob-
ability densities required as basic inputs for variance
reduced simulations are just sufficient for constructing
the random variables @, @1, ..., @»; hence, no additional
consistency conditions of the Chapman-Kolmogorov
type®*5 need to be verified. (This consistency condition
for the family of transition probabilities of a Markov
process states that if the transition probabilities for two
successive small steps are combined, then the proper
transition probability for the corresponding larger step
must result.) The given initial distribution and the
transition probability density payp(@(tn) = @4/ @(to) = go)
are necessary and sufficient for the simulation of €, and
@,. The conditional probability densities papp(@(tj+1) =
q;+1/Q(t) = q;, Q(t,) = @) for j =0, 1, ..., n - 2 provide
exactly the information needed to iteratively construct
the intermediate random variables @, @, ..., @._1 if we
assume that, like for the Markov process to be ap-
proximated, @;+; can depend on previous values only

through ;.
In the spirit of (14) we introduce the correction factor
(h(Q(t 00))
Wyseenlp) = [, 13! SEXEEH n)——M (15)
(G018, = [(GorGyreerl P
where
p(Q(t,) = q,|@¢, ;) =q, )
[ Qg = X
Papp(Q(t,) = q,|Q(ty) = qp)
n-2 p(Q(tj+1) = q]‘+1|Q(tj) = Qj)

(16)
J=0papp(Q(t}'+1) = q]'+1|Q(tj) =4, Q(tn) = qn)

The factor £, is the ratio of the exact and the approximate
probability density for finding the values gy, qi, ..., q» at
the times tg, t1,...,t,. Ifthetransition probability densities

Papp( @(Ej+1) = @5+1|Q(t) = @, Q(t,) = q,) are given by the
exact Markovian results,

Papp(@(tj) = €4, Q(t) = q;, Q) = q,) =
p(Q(tj+1) = q]'+1|Q(tj) = qj)P(Q(tn) = anQ(tj+1) = qj41)
p(Q(t,) = q,|Q) = q)

then the factor f, is equal to
p(Q(t,) = q,|Q(ty) = a))/P,,,(R(t,) = q,|Q(ty) = g;)

and the correction factor f. is very similar to the result in
(14); after averaging the q; dependence of f. with the
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conditional probability density of @, given that @, = g,
we indeed recover (14).

We now have the correction factor f. in a form which,
once the required approximate transition probability
densities are given, can be used in simulations. In (15)
and (16), only the exact small-step transition probabilities
P(Q(tj+1) = @;+1|Q(t;) = g;) are required as an additional
ingredient. If we choose sufficiently small time steps, any
desired accuracy can be achieved for these transition
probabilities by evaluating them by means of suitable
numerical integration schemes. For example, for the Euler
scheme, the exact transition probability density p(@(t;+1)
= gj+1|Q(tj) = gj) is replaced by the Gaussian probability
density p(@j+1 = gj+1/Q; = gj) givenin (5). The occurrence
of the exact transition probabilities in the correction factor
is the reason why trajectories need to be considered. For
the evaluation of averages considered in the next subsection
we first assume that we know the exact small-step
transition probabilities before we discuss the small
systematic errors introduced by evaluating them for
numerical integration schemes.

C. Evaluation of Averages. Since the correction
factor compensates the bias introduced in the simulation
we obtain

(R(QE)) = (f (@ @y, @IN(A,)) (17)

so that fh(@,) is indeed an estimate for the average of a
functionh at time ¢, = t .. Equation 17 can be rewritten
in the alternative form

(h(Q))) = ([ (@, Q. @) (R(QE))),,, (18)

The representation (18) clearly shows that we achieved
our aim: fc(f)o,Ql,...,Q,,)(h(Q(t,,)))l,.pp constitutes an es-
timate for the desired average (h(Q(tn))), and if all
approximate transition probabilities coincide with the
exact ones, then fc = 1 and the variance of the estimator
is reduced to zero.

Since we now have information about the distribution
at the intermediate times t;, we obtain the following
identity for an arbitrary function g,

(8(Q(t),Q(t),..Q(t,))) =
(f(@y®,,...R,)8(Q),Q,,...Q,)) (19)

Thus we have an alternative estimation for the average of
an arbitrary function g. Note that the results (17) and
(19) are exact regardless of the accuracy of the required
approximate transition probabilities. However, the vari-
ance reduction crucially depends on the quality of the
approximation. In order to see this we evaluate the
variance of the estimator,

Var [f (@@, @,)8(@,@,... Q)] = (h(Qt 0)) Vg X

gz(Q(to),Q(tl),...,Q(t,,») i
R(Q(,)

(8(QUty), Q(ty),.... Q(t,)))E (20)

<fc(Q(to),Q(tl),--.,Q(t,,))

Two requirements are crucial for a successful variance
reduction. First,theratio ofthe exact and the approximate
probability density £, introduced in (16) should be close
to 1. A good approximation to the trajectories of the
underlying stochastic differential equation is hence re-
quired. In choosing such an approximation one should
keep in mind that one needs to be able to simulate the
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random variables €, based on the corresponding ap-
proximate distribution. The second requirement is that
the essential configuration dependence of the function g
should be like that of h (for an appropriate importance
sampling). Ifgdependsonly on @(t,) andgisnonnegative,
we may choose h = g. Even if the exact transition
probabilities are known, the variance can only be reduced
to zero if g is either only positive or only negative. In
other situations, one can carry out separate simulations
for the positive and negative parts of the quantity of
interest.10

In practice, the short-time transition probabilities are
obtained from an approximate integration scheme for the
underlying stochastic differential equation. However, all
the arguments leading to the rigorous identities (17) and
(19) remain valid if the configurations @(t;) are replaced
by the time-discretized approximate solution @; con-
structed by means of the corresponding integration
scheme. In summary, we are now in a position where we
can try to design simulations which, although they suffer
from the usual systematic errors due to time discretization
(linear in time step for the Euler scheme), have smaller
statistical error bars. According to the remarks of this
paragraph, the development of higher-order variance
reduced schemes is possible by using more refined expres-
sions for the small-step transition probabilities occurring
in the correction factor.

IV. Example: Hookean Dumbbells

Here we explicitly construct a variance reduced simula-
tion for Hookean dumbbells in the start up of steady shear
flow. In order to avoid unnecessarily lengthy equations
we measure not only all distances in units of (kgT/H)1/2
but also all times in units of the fundamental dumbbell
relaxation time Ay = {/(4H), where { is the bead friction
coefficient. This corresponds to setting Ay = kpT/H = 1;
the appropriate factors can be reintroduced by means of
dimensional analysis, and we do that in the final results.
For this example, the stochastic differential equation (2)
for d = 3 has the more explicit form

Qo = [r@v -lav]a+awe e

where the only nonvanishing component of the transposed
velocity gradient tensor « is the shear rate, ¥ = 5.

A. Required Conditional Probabilities. The first
basic input required for a variance reduced simulation is
the transition probability density -

Po(q— & m/2(1 + «t,, )oqp) (22)

where the most general centered Gaussian probability
density

Po(@ = [(20)° det(@)) 2 expl- 3a7q] (29
is determined by the covariance matrix

=(1-efm) 1+ [1- 1+t )e™] (k+«D)+
1

2 [1 - (1 + tpee T §tﬁm)e"‘“‘] Kk (24)
This transition probability follows from the closed-form
solution of the linear stochastic differential equation for
the Rouse model. For equilibrium initial conditions at to
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= 0, we obtain the probability density required for the
construction of @, at ¢, = tmsx from (13),

Piop(@) = Po (@) (25)

with

0; =1+ (1-e™m)(k + &7) + 2[1 - (1 + t e ™) kx”
(26)
In other words, the probability density (25) allows us to
dothe first step of the procedure outlined in the beginning
of section IIL.B. For the second step, we determine the
conditional probablllty density required for the construc-
tion of @, for given @, which is the Gaussian distribution

Papp(Q(0) = qlQ(tey) = @) =

Po(@- e (1 + «7t, )07 q,) (27)

with

0,= (1 +&"t,,)0;0-(1 -t ) (28)

The distributions (25) and (27) allow us the simulation
of first @, and then @. These distributions correspond
to the exact solution for Hookean dumbbells in the start
up of steady shear flow; for small time steps, they deviate
slightly from the time-discrete solution which enters the
correction factor in (16) through the factors p(@j+; =
gj+1/Q; = gj). The variance will hence not be reduced to
zero. Innonlinear problems, however, the increase in the
variance of the estimator due to the approximate transition
probability papp(@(tmax) = @@(0) = o) is certainly much
larger. We once more emphasize that the variance
reduction crucially depends on the quality of available
approximations. Gaussian approximations are particu-
larly convenient in carrying out variance reduced simula-
tions. If the parameters of the Gaussian distribution are
calculated by numerical solution of ordinary differential
equations, these equations may be discretized with the
same time step as used in the simulations.

For the third and final step of the procedure outlined
in the beginning of section IIL.B we need to describe an
iterative procedure for constructing Q,+1 for given values
of @;and @, for j =0, 1, ..., n - 2. Rather than specifying
the conditional probability densities papp(@(tjx1) =
q;+1|Q(¢)) = q;, Q(t,) = q,) we prefer to directly handle the
random variables @);+; thisis in the spirit of using random
variables instead of their distributions or stochastic
differential equations instead of diffusion equations.
Loosely speaking, we need to carry outa time step starting
at @, and we have to keep in mind that the trajectory
should end at @,. In the Rouse model we can calculate
the exact distribution of @j+;. Guided by the exact
solution, we here suggest a more general procedure,

Qj"’l = [1 - e(tj’tj""l’tn)]'{Qj + [K'Qj - %Qj] Atj} +
€(tj,tjanrtn) o (Liar ) @, + (1 - €(t b0yt ALY AW,

(29)
forj=0,1,..,n-2, where [1 - et),tj+1,t)]1/2 represents
some matrlx o for whlch a0l =1 - e(t,,t,+1,tn) This is a
generalization of the Euler scheme (3), which is recovered
fore(t),tj+1,tn) =0. Theidea behind introducing e(t;,t;+1,tn)
is to reduce the influence of the drift and diffusion terms
when the given final value @, is approached and, at the
same time, to switch on the influence of the final value.
The quantity ®app(tj+1,tn) is introduced in order to
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appropriately guide the trajectory to its final value.
Reasonable forms of these terms can be determined as
follows. Ifin asuitable approximation the expectation at
time ¢,, denoted by gq,, depends linearly on the initial
condition gj+; at time t;4;, then we read off the matrix
Papp(tj+1,tn) from the linear relationship g1 =
®app(tisi,tn)@n. The quantity e(tjtj+1,t,) can be con-
structed from the variance of the process at t, if it starts
with a deterministic initial condition at ¢;4,, denoted by
O(tj+1,tn) (it is assumed that the variance ©(¢j41,t,) is
independent of the initial value, at least to a satisfactory
approximation). We then suggest the following choice,

e(t}'ytj-}.l,tn) = (tj+1 - tj)[(t}+1 - t])l +
0 (i1t ) Oy t ) B Ly pst )1 (30)

where, in general, (tj+; - t;) should be multiplied by the
diffusion tensor which hereis 4kgT/ ¢ = kg T/ (HAy) = 1 for
the units chosen. Note that e(¢;,t;+1,t5) is small except for
the last few time steps for which the denominator, like the
numerator, is of the order of At;. This suggests that for
constructing the intermediate positions it may be sufficient
to have good approximations for short-time transitions
rather than for the more complicated conditional prob-
ability densities papy(@(tj+1) = @Q(t) = q;, @(tn) = qy).

Inprinciple, generalizations in which the diffusion tensor
depends on Q, and the auxiliary quantities 6(¢;+1,t,) and
Papp(tj+1,tn) depend on Q,+1 are possible. However, if these
matrices are independent of configuration, all the coef-
ficients in (29) can be evaluated before the simulation is
started, and the variance reduced simulation is not much
more time consuming than a standard Euler integration
scheme. Notice also that the iteration step of a variance
reduced simulation is very similar to what is done in
standard stochasticsimulations (like Brownian dynamics).

For the Hookean dumbbell problem in shear flow we
have

O p(tanty) = e 2 [1-kit, —t,)] (31

and

Bt it ) Ot i1t Ba(Eiarity) = €77 =11 +

fe 1= (t, =ty )] - Lk + &T) +
2{e‘n“fﬂ[1 ~(t,~ty) + %(t,, - tjﬂ)z] - I}K‘KT (32)

We now have a complete iterative scheme for variance
reduced simulations.

B. Details of the Simulation. Here, some details on
the concrete realization of the simulation are given, We
wish to reduce the variance of the mean-square dumbbell
extension at t, = tmax. In the first step, @, is sampled
according to the distribution

9°pe (@)/Tx(8))

obtained from (25) and (26). Realizations g, of @, are
constructed from five Gaussian random variables with
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mean 0 and variance 1, W, j = 1, ..., 5, by a suitable
transformation. Tothat endj we diagonalize the covariance
matrix 6y,

eb 0 0
%8¢ =[0 o? 0
0 0 eP®

where Qg, is an orthogonal matrix. We first construct an
auxiliary three—dimensional column vector X. With

probability G(k)/Tr(Gf) we select one of the three space
components k and define X = sgn(Wf)[(Wf) + (Wf)2
(W)?]1/2, and the remaining two components are set
equal to Wf and W It can be verified that

3
Z(Qe)jk(egk))l/zx k
=

constitutes a realization of the components of @, The
result,

1 13
f 2
Pepp(@y) = ——"““—exp{—— (W‘.) } (33)
” [(2m)® det(8]"/ 2; !

for the realization g, constructed from the random
numbers Wf will be useful in evaluating the correction
factor f,.

According to (27), the configuration at t =
subsequently be realized as

0 can

Q, = e=/%(1 + 4Tt )-0,Q, + 0YEW,  (34)
where the three components of Wiare further independent
Gaussian random variables and ©;l/2 represents some
matrix o with 06T = ;. Notice that for the realization
qo of @ constructed from the random vector WA one has

qO‘Q(tn) =gq, =

1 1 wriv2
———————expl- 2(WHA (35
[(2m)® det(8,)]/* GXP{ W) } )

Pupp(Q(0) =

Finally, all the intermediate configurations can be con-
structed from (29), where we assume a constant time step
At. For these intermediate steps we have

Papp(Q(tj41) = 4;1,|@Q() = q;, Q) = q,) =
1 1 g2

2w (36
[(21rAt)3det[1—e(tj,tj+1,tn)]]1/2eXpl 2 1}( )

for the realization gj+; of Q,-.;.l constructed from the random
vector W; by means of (29).

Finally, we use the Euler approximation (5) for the exact
transition probabilities,

(A, = g;44|Q) = @) =

pAt(qj+1 —-q;- [K'qj - %qj] At) 37

By combining the results (33) and (35)—(37), we obtain for
the square of the correction factor
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. oa . det(©,) det(8y)
/(:Z(QO’Qla"-sQn) =X

(ae’®
n-2 & i =
H det[1 - e(tjt;4;t,)] exp (W,f~)2 + (W) + Z w;-
7=0 =

25 [0u-0-[ca-2a]s] o

C. Results. In order to check the variance reduction
achieved by the ideas presented above, we have performed
direct and variance reduced simulations for Hookean
dumbbells in the start up of steady shear flow with Agy
= 2. The maximum time was chosen as tna = 5Ag. In
Figure 1, the exact results for the mean-square size and
for the polymer contribution to the viscosity are shown
(the dumbbell number density used in the Figures is
assumed to be ny). Atsmallt,the time dependence of the
viscosity is linear whereas the mean-square size has a
quadratic time dependence. The approach to the steady
state values is more rapid for the viscosity than for the
size. Actually, the exact solution for the discrete time
step!! used in the simulations, At = 0.01)\y, was used for
checking the simulationresults. The agreement was found
to be excellent, within the very small statistical error bars.

Figures 2 and 3 show the results for the statistical error
bars in our simulations of 30 000 blocks of 1024 trajectories
(N1 = 30.72 X 10%). Blocks of trajectories were used so
that identical operations could be performed on all the
trajectories of a block in the innermost loops of the
computer program, thus achieving excellent vectorization
of the programs on a Cray Y-MP computer. The simula-
tion of a single block of 1024 trajectories over 500 time
steps required 0.64 and 0.72 s of CPU time on a Cray
Y-MP computer for the direct and variance reduced
simulations, respectively.

The dramatic effect of variance reduction for (Q2(t))
near tmsy, wWhere the variance of the estimator for
(@*(tmax)) was minimized, is obvious in Figure 2. Even
in the biased variance reduced simulation, all material
properties at all times can be estimated; however, the
statistical error bars for short times are larger than in a
direct simulation (this is the consequence of an inap-
propriate bias). For large ¢,y the variance of an ideal
variance reduced estimator (/’c — 1 for At — 0) for (H/
ksT)(Q%0)) is

Ay A
1- ﬂ) -9

15(2c+ )RF(l I+——1-—

where ¢ = [1 + (\gy)?1'/2 and RF is Carlson’s standard
elliptic integral of the first kind (see section 6.11 of ref 12).
For Mgy = 2, this leads to an increase of the error bars by
a factor of about 3.5 at t = 0 if the variance is optimized
at large ty.y. The factor observed in simulations with At
=0.01 g and tyax = 5Apyis 3.3, and as one can see in Figure
2, this factor decreases with increasing time.

Even though the variance reduced simulation is desighed
for one particular quantity at one particular time, the
statistical error bars for other quantities may also be
reduced. Since the stress tensor is quadratic in the
connector vector, we may expect smaller error bars also
for the viscometric functions near ¢y, when the variance
of the estimator for ( @2(tmay)) is minimized. A detailed
comparison of the error bars for the polymer contribution
to the viscosity, np, and the normal stress differences, ¥,
and ¥y, at ¢ = tna, is given in Table 1. Indeed, the error
bars for the viscosity and first normal stress coefficient
are reduced by factors of 2.0 and 3.7, respectively. The
error bar for the second normal stress coefficient is roughly
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Figure 1. Analytic results for the mean-square size and for the
polymer contribution to the viscosity for Hookean dumbbells in
the start up of steady shear flow with Agy = 2. The units for
time, mean-squaresize, and viscosity are Ay, kg T/H, and n kg Thy,
respectively.
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Figure 2. Comparison of the statistical error bars for the mean-
square size of a Hookean dumbbell in the start up of steady shear
flow with Ayy = 2 in direct (dashed curve) and variance reduced
(continuous curve) simulations. The units for time and error
bar are Ay and kgT/H, respectively.
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Figure3. Comparison of the statistical error bars for the polymer
contribution to the viscosity for Hookean dumbbells in the start
up of steady shear flow with Airy = 2 in direct (dashed curve) and
variance reduced (continuous curve) simulations. The units for
time and error bar are Ay and n kgTAy, respectively.

the same in the direct and variance reduced simulations.
The statistical error bars for the viscosity at all times are
compared in Figure 3. They deviate only by a factor of
order 2, where the direct simulation is better for short
times and the variance reduced simulation is superior near
tmax.

The variance reduction achieved for (@2(tmas)) cor-
responds to a decrease of the statistical error bars by a
factor of 37. In order to obtain the same error bar as in
adirect simulation, a factor of some 1200 in CPU time can
be saved (where the longer run time for the variance
reduced simulation has been taken into account).

The above construction of variance reduced simulations
for Hookean dumbbells uses transition probabilities
obtained from the exact solution. Ingeneral, approximate
expressions for the transition probabilities are required,
and Gaussian approximations are particularly convenient
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Table 1. Detailed Comparison of Statistical Error Bars for
Hookean Dumbbells in the Start Up of Steady Shear Flow
at tmay = HAg with A\gy = 2

error bar in

average variance reduced  direct simulation

H @2 10704941 0.000 064 0.002 361
kgT

o 0.993 134 0.000 157 0.000 321
npksTAy

bt 1.924 525 0.000 144 0.000 529
ngkaTAy

¥ ~0.000 039 0.000 097 0.000 090
npkBT)\?,

for carrying out the simulations. Since there exist excellent
approximations for models with hydrodynamic inter-
action,13-15 the method is particularly promising for such
models. In any case, the idea of using approximations in
order to improve simulations is very attractive. It makes
the development of good approximation schemes even
morerewarding. In addition toagood approximation one
can obtain the exact results by means of simulations with
smaller statistical error bars; in particular, one can better
judge the quality of the approximation by means of the
more precise simulation results.

V. Summary and Discussion

We have reviewed how stochastic simulation techniques
for kinetic theory models can be developed by rewriting
diffusion equations as stochastic differential equations
and by then applying numerical integration schemes. The
most popular of these simulations are Brownian dynamics
simulations for polymers in dilute solutions, but stochastic
simulations for reptation models and other systems have
also been carried out.

As a new idea, we have presented a basic procedure for
constructing more efficient simulations. A reduction of
the statistical error bars is achieved by suitably trans-
forming the time evolution of the system, where the
construction of the transformation requires an approxi-
mate understanding of the dynamics of the system. The
development of the transformation is guided by the idea
of importance sampling which is also the starting point
for Monte-Carlo simulations.

Avariancereduced simulation proceeds by first selecting
the (biased) final configuration, then the initial configura-
tion, and finally all the intermediate configurations. The
construction of the final and initial configurations is
particularly simple when the time period of interest is so
long that assuming independent initial and final configu-
rations is a good approximation. Then, the initial
configuration is sampled according to the given initial
distribution. The distribution of the independent final
configuration is constructed from an approximate theory.
Alternatively, if the solution may be expected to be
reasonably well approximated within a given class of
distributions, for example Gaussian, then the free pa-
rameters can be estimated from a quick preliminary
simulation (without variance reduction); even if the error
bars are rather large, the introduction of a bias in a
reasonable direction may lead to considerably reduced
error bars.

After the final and initial configurations are chosen, the
construction of variance reduced simulations requires an
approximate theory of the conditional distribution of
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configurations at intermediate times for given previous
and final configurations. We suggest a tractable ap-
proximation which can be applied in very general situations
in order to handle this most complicated building block
of a variance reduced simulation. The suggested procedure
for constructing intermediate configurations is very similar
to numerical integration schemes for stochastic differential
equations. Forthe general stochastic differential equation
(2) we suggest a scheme of the form

Q1 = [1-e(tjt;4,t)14@; + A, QALY +
E(tj’tj'*'l’tn) Qapp(tj+1,tn) Qn +
([1 - e(tj’tj+1!tn)]Atj)l/z'B(tj,Qj)' “,} (39)

where the proper choice of the quantities (¢ ot j+1,tn) and
@app(t i+1,tn) guided by approx1mate solutionsis the crucial
task in constructing variance reduced simulations.

Variance reduced simulations are optimized for the
evaluation of particular averages. We have shown how
other averages can also be evaluated, even averages at
different times.

After describing the abstract ideas, we apply them to
the simulation of Hookean dumbbells in the start up of
steady shear flow. Not surprisingly, dramatic variance
reductions can be achieved for this exactly solvable model.
Work on variance reduced simulations for Hookean
dumbbells with hydrodynamic interaction is in progress.
As a first test we have calculated the mean-square size of
dumbbells with hydrodynamic interaction in shear flow
at tmax = 10Ag (the result is then very close to the steady-
state value). For our preliminary tests we use the following
construction of a variance reduced simulation: the initial
and final distributions are assumed to be independent,
the final distribution is assumed to be Gaussian with a
covariance matrix obtained from a quick direct simulation,
and the quantities e(t,tj+1,tn) and ®,pp(tj+1,tn) given in
(30)-(32) are introduced into the simulation algorithm for
dumbbells in the presence of hydrodynamic interaction
without any modification. With this very simple con-
struction, a variance reduction of roughly 2 was achieved;
the required computer time is thus reduced by a factor of
order 4.

A great deal of further work is needed before variance
reduced simulations can be established as a standard tool
in polymer kinetic theory. First of all, nontrivial models
need to be simulated (in ongoing work, we have chosen
hydrodynamic interaction as a crucial test case). The use
of non-Gaussian random variables (which can be generated
more efficiently) in variance reduced simulations remains
to be explored (the handling of the correction factor will
then be considerably different). Higher-order schemes
(allowing for larger time steps) should be developed. Once
the tool of variance reduced simulations is fully developed
it should be combined with the finite element method to
calculate the flow of viscoelastic liquids, that is via
CONNFFESSIT. Then, the required approximate un-
derstanding of the dynamics may be obtained from
conventional flow calculations so that a fruitful blending
of classical flow calculations and CONNFFESSIT might
result.
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